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Zero-dimensional O(n)-symmetric sigma models are studied using Picard–Lefschetz integration
method in the presence of small symmetry-breaking perturbations. Because of approximate sym-
metry, downward flows turn out to show significant structures: They slowly travel along the set
of pseudoclassical points, and branch into other directions so as to span middle-dimensional in-
tegration cycles. We propose an efficient way to find such slow motions for computing Lefschetz
thimbles. In the limit of symmetry restoration, we figure out that only special combinations of Lef-
schetz thimbles can survive as convergent integration cycles: Other integrations become divergent
due to noncompactness of the complexified group of symmetry. We also compute downward flows
of O(2)-symmetric fermionic systems, and confirm that all of these properties are true also with
fermions.
PACS numbers: 03.65.Fd, 03.65.Sq, 11.30.Qc
I. INTRODUCTION
Path integral with Picard–Lefschetz theory [1–3] is now
becoming popular and developing as a useful method for
nonperturbative studies of quantum systems: It was first
introduced in order to study analytic properties of gauge
theories in coupling constants [2–4]. This new formula-
tion of the path integral is also considered to be useful for
studying quantum tunneling phenomena directly using
the real-time path integral [5, 6], establishing resurgence
trans-series methods of perturbation theories [7–10], and
solving the sign problem of Monte Carlo simulations of
lattice field theories [11–18].
Symmetry is a universal clue to studying quantum sys-
tems, and symmetry breaking is an especially important
aspect of quantum statistical physics. So far, the contin-
uous symmetry breaking has not yet been addressed from
the perspective of Picard–Lefschetz integration methods.
Therefore, studying symmetries and their breaking using
this new approach must broaden future applicabilities of
this formalism to various physical systems.
In the Picard–Lefschetz integration method, integra-
tion cycles are deformed into “nicer” ones, called Lef-
schetz thimbles, in a complexified space of the original
integration cycle. This procedure makes the convergence
of integration much better, which therefore opens a new
way to evaluate the path integral. Since it relies on com-
plex analogue of Morse theory, critical points of the clas-
sical action must be nondegenerate. If a continuous sym-
metry exists, however, classical solutions are degenerate
due to the symmetry, and a special treatment is required.
In Ref. [2], a general method for a system with unbroken
symmetries is already established, which will be briefly
reviewed in Sec. II for a specific example.
Our primary purpose in this paper is to consider
∗Electronic address: yuya.tanizaki@riken.jp
the effect of small symmetry-breaking perturbations on
Picard–Lefschetz integration. In Sec. III A, we consider a
zero-dimensional O(2)-symmetric sigma model, and pro-
pose an efficient method to compute Lefschetz thimbles
with a small symmetry-breaking term. Because of ap-
proximate symmetry, some of the downward flows turn
out to slowly travel along the set of approximate critical
points, and we show that this is an important ingredi-
ent for Lefschetz thimbles in the perturbed system. We
scrutinize these properties of the flow equation, and fig-
ure out the global behavior of Lefschetz thimbles in our
model. Furthermore, by comparing Lefschetz thimbles in
symmetric and nonsymmetric systems, we can obtain a
better understanding of Lefschetz thimbles for symmet-
ric systems. In Sec. III B, generalization of our analysis
for O(n) symmetries is discussed, and those analyses are
reduced into those for O(2) symmetry.
In Sec. IV, we consider another zero-dimensional sigma
model including fermionic variables, which looks like
the BCS theory of superfluidity. After integrating out
fermions, the effective bosonic action has logarithmic sin-
gularities, and this model shows the sign problem. We
confirm all the properties of downward flows associated
with symmetry, and thus our proposal to compute Lef-
schetz thimbles turns out to work well also with fermions.
This paper is organized as follows. In Sec. II, we give
a basic setup of the model, and Lefschetz thimbles with
continuous symmetry are briefly reviewed. In Sec. III,
the properties of Lefschetz thimbles are studied in detail
for the zero-dimensional bosonic model when the con-
tinuous O(n) symmetry is slightly broken explicitly. We
confirm that these properties are true even with fermions
in Sec. IV. Section V is devoted to a summary.
II. LEFSCHETZ THIMBLES WITH SYMMETRY
In this section, we review applications of Picard–
Lefschetz theory to oscillatory integrations with unbro-
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2ken continuous symmetries [2, 3]. For simplicity, we con-
cretely consider a zero-dimensional O(n) sigma model.
Let σ = (σa)a ∈ Rn, and then consider the Lie-group
action O(n) y Rn defined by the left multiplication. Its
infinitesimal transformation can be characterized by real
anti-symmetric matrices:
δεσa = εabσb (1)
with εab = −εba ∈ R. We consider an action function
S0 : Rn → R, which is invariant under O(n), and study
the property of integration,
Z0(~) =
∫
Rn
dnσ exp(−S0[σ]/~), (2)
where dnσ = dσ1 ∧ · · · ∧ dσn is the Lebesgue measure.
Before trying Lefschetz-thimble methods to evaluate
(2), let us consider the result of O(n) symmetry in a
direct way. The O(n) symmetry of the integrand and in-
tegration measure says that we can integrate radial and
angular directions separately. By integrating out the an-
gular directions, we just need to evaluate the following
integration
Z0(~) =
2pin/2
Γ(n/2)
∫ ∞
0
dσ σn−1 exp(−S0(σ)/~), (3)
with S0(σ) = S0[σeˆ] (eˆ is an arbitrary unit vector), in-
stead of the original one (2). We can interpret this result
from the viewpoint of the reduction of integration cycles:
The quotient space (Rn \{0})/O(n) is identified with the
positive real axis R>0.
In the rest of this section, we review a general way to
derive (3) without taking quotients of the original inte-
gration cycle [2]. This also provides a basic setup for
taking into account the effect of explicit breaking terms.
We take the complexification Cn of Rn, and introduce
the complex coordinate ξa = σa + iηa. The complexi-
fied space Cn canonically admits the symplectic struc-
ture [21],
ω = − i
2
dξa ∧ dξa = dηa ∧ dσa . (4)
We exploit the fact that a gradient flow for the Lefschetz
thimble can be viewed as a Hamiltonian flow of classi-
cal mechanics [2] (see also [5, Appendix] for a review).
Namely, we regard {σa}a as canonical coordinates and
{ηa}a as conjugate momenta, and consider the Poisson
bracket {f, g} = ∂f∂σa
∂g
∂ηa
− ∂f∂ηa
∂g
∂σa
. Let us consider the
Hamilton mechanics with the Hamiltonian
H0 = Im S0[ξ], (5)
then its equation of motion with respect to “time” t,
dξa
dt = {H0, ξa}, is nothing but Morse’s downward flow
equation,
dξa
dt
=
(
∂
∂ξa
S0[ξ]
)
. (6)
Along the flow, the Hamiltonian H0 = Im S0[ξ] as well
as other constants of motion are conserved, which plays
a pivotal role in the following discussions.
The group action (1) must also be extended. The real
orthogonal group O(n) is complexified to the complex or-
thogonal group O(n,C) = {A ∈ GL(n,C)|AAT = idn}.
The complexified group action O(n,C) y Cn is given by
δε˜ξa = ε˜abξb, (7)
with ε˜ab = −ε˜ba ∈ C. This extension makes clear that
theO(n) symmetry of the original action S[σ] is extended
to the O(n,C) symmetry of S[ξ]. Under this O(n,C)
transformation, the symplectic structure (4) transforms
as
δε˜ω = Im(ε˜ab) dξa ∧ dξb, (8)
and thus it is invariant if and only if the infinitesimal
parameter ε˜ab is real. Therefore, the symmetry of this
Hamilton system is O(n), although the Hamiltonian H0
is invariant under O(n,C). Noether charges of the O(n)
symmetry are
Jab(ξ, ξ) = −ηaσb + ηbσa = i
2
(ξaξb − ξbξa), (9)
and a collection of these Noether charges is called the
momentum map, denoted by µO(n) [19, Appendix 5]. It
is important to notice that µO(n) = 0 on the original inte-
gration cycle Rn. Since Lefschetz thimbles contributing
to the original integration must be connected with Rn via
a flow [2], such Lefschetz thimbles must be connected to
the region µO(n) = 0 through O(n,C) transformations.
In this paper, let us consider the simplest toy model:
S0[ξ] =
eiα
4
(ξ2 − 1)2, (10)
with ξ2 = ξ21 + · · · + ξ2n. Here, α should be formally
regarded as an infinitesimally small positive constant,
α = 0+, which makes Lefschetz thimbles well-defined as
integration cycles. Critical points of S0[ξ] consist of two
sets: One of them is the origin O = {ξ = 0}, and the
other one is a complex quadric,
Qn−1 = {ξ ∈ Cn | ξ2 = 1}. (11)
Complexified critical orbits can be nicely parametrized
with slow variables. For each symmetry, there exists
two degenerate directions around a critical point: One of
them is given by the symmetry transformation, and the
another one by the corresponding Noether charge. This
provides the easiest way to find the set of zero modes,
or slow variables, of the flow equation (6). Mathemat-
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FIG. 1: Downward flows of the reduced Hamilton system
(pθ = 0) in the rpr plane with α = 0.1. Two points with
(r, pr) = (0, 0) and (1, 0) are critical points of this system.
Red solid lines represent Lefschetz thimbles J , i.e., downward
flows emanating from critical points. Green dashed lines are
their homological duals K, which are characterized by down-
ward flows getting sucked into critical points. Blue arrows
show Hamiltonian vector fields.
ically, this implies the fact that Qn−1 can be identified
with the cotangent bundle T ∗Sn−1 of the hypersphere
Sn−1 = {σ ∈ Rn | σ2 = 1}. We will see this explicitly in
Sec. III for n = 2.
Since the critical point ξ = 0 is nondegenerate, we can
compute its Lefschetz thimble in a usual way. Thus, we
only explain how to construct the Lefschetz thimble of
ξ2 = 1 in the following. Let us introduce the polar co-
ordinate to emphasize the rotational symmetry by using
the (point) canonical transformation: r = |σ| is a radial
coordinate, pr = (σ · η)/|σ| is its conjugate momentum,
and p2θ =
∑
a<b J
2
ab represents the total angular momen-
tum. The O(n,C)-invariant variable ξ2 can be written
using r, pr, and pθ as
ξ2 = (σ + iη)2 = (σ2 − η2) + 2iσ · η
= r2 −
(
p2r +
p2θ
r2
)
+ 2irpr. (12)
The Hamiltonian H0 of this O(n)-invariant system be-
comes
H0 =
sinα
4
{(
(r2 − 1)−
(
p2r +
p2θ
r2
))2
− 4r2p2r
}
+ cosα rpr
(
(r2 − 1)−
(
p2r +
p2θ
r2
))
. (13)
Because of the conservation law of µO(n), dynamics of
the rpr direction is completely determined once p
2
θ is
fixed. The result for the case p2θ = 0 is shown in Fig. 1,
and this is nothing but the downward flow for the inte-
gral (3) by regarding r+ ipr as a complexified variable of
σ: H0|pθ=0 = Im(S0(r+ ipr)) with S0(σ) in (3). The red
and green dashed lines in Fig. 1 show downward flows
emanating from and getting sucked into a critical point
at r + ipr = 1, respectively, which are given by
H0(r, pr)|pθ=0 = H0(r = 1, pr = 0)|pθ=0. (14)
Once the radial motion is totally determined in this way,
the angular motion is automatically determined, and thus
we can embed Fig. 1 into Cn. In order to obtain an n-
dimensional convergent integration cycle J sym.r=1 and its
dual Ksym.r=1 , we must pick up other (n−1) directions from
the 2(n− 1)-dimensional critical orbit Qn−1(= T ∗Sn−1).
The convenient procedure to construct the Lefschetz
thimble, which is proposed in [2], is to rotate a red solid
line of Fig. 1 by using O(n) symmetry. As a result, the
Lefschetz thimble J sym.r=1 for r = 1 can be determined as
the direct product of Sn−1 = {σ2 = 1} and the red solid
line at r = 1 of Fig. 1: J sym.r=1 ' R×Sn−1 as manifolds. Its
dual Ksym.r=1 is given by rotating the green dashed line at
r = 1 in Fig. 1 using the imaginary direction of O(n,C).
This procedure ensures that J and K intersect only at
a single point. The reader may suspect that this con-
struction contains some ambiguities because we pick up
(n − 1) directions for J sym.r=1 by hand, but we can argue
that this is the unique choice up to continuous deforma-
tions [2]. In Sec. III, we will see that this special choice
of directions in T ∗Sn−1 is consistent with the downward
flows with symmetry-breaking perturbations.
III. EXPLICIT SYMMETRY BREAKING
In this section, we add a small symmetry-breaking
term ε∆S, which lifts degeneracies of critical points
and allows us to use the familiar formulation of Picard–
Lefschetz theory. Global behaviors of downward flows
are scrutinized, and use of approximate symmetries plays
an essential role for computation of Lefschetz thimbles.
This study can become important in studying sponta-
neous symmetry breaking using Lefschetz thimbles.
A. O(2) sigma model
We again consider the O(2) linear sigma model with
the action (10), and add a symmetry-breaking term,
ε∆S[σ] = εeiασ1, (15)
with 0 < ε 1. We formally set α = 0+ to simplify our
argument. We study properties of the path integral
Zε(~) =
∫
R2
dσ1dσ2 exp [− (S0[σ] + ε∆S[σ]) /~] , (16)
using Lefschetz-thimble techniques. We also discuss the
relation to the previous formulation in the limit ε→ +0
at the end of this section.
Since there is an approximate O(2) symmetry, the
canonical transformation to the polar coordinate is again
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FIG. 2: Flows projected on the critical orbit T ∗S1 induced by
the perturbation ε∆H at α = 0.1. Black circles at θ = 0, pi
correspond to critical points in the perturbed system. Red
solid and green dashed curves are downward flows projected
onto T ∗S1, which emanate from and get sucked into critical
points, respectively. Blue arrows show Hamiltonian vector
fields.
useful:
r =
√
σ21 + σ
2
2 , θ = tan
−1 σ2
σ1
,
pr =
σ1η1 + σ2η2√
σ21 + σ
2
2
, pθ = η2σ1 − η1σ2 .
(17)
Here, pθ is nothing but the Noether charge J12 in (9), and
ω = dpr∧dr+dpθ∧dθ. Since ξ2 = r2+2irpr−(p2r+p2θ/r2),
the critical condition ξ2 = 1 can be solved as pr = 0 and
r2 − (pθ/r)2 = 1. Now, the O(2,C) critical orbit (11) is
explicitly represented as{
ξ =
(
r cos θ − ipθr sin θ
r sin θ + ipθr cos θ
) ∣∣∣∣∣ r =
√
1+
√
1+4p2θ
2 ,
pθ ∈ R, θ ∈ [0, 2pi)
}
.
(18)
As we mentioned, this has a nice parametrization via slow
variables θ and pθ, which implies that Q
1 ' T ∗S1.
The Hamiltonian of this system is H = H0 + ε∆H =
Im(S0[ξ] + ε∆S[ξ]). The unperturbed Hamiltonian is
given in (13), and the perturbation is given by
∆H = sinα r cos θ + cosα
(
pr cos θ − pθ
r
sin θ
)
. (19)
This solves degeneracies of critical orbits, and validates
Morse theory. However, naive computation of flows can
easily fail, because of remnant of symmetry. After giving
a proposal for circumventing this technical difficulty, we
show its origin by scrutinizing properties of downward
flows through concrete computations.
Before starting explicit computations, we mention an
efficient way to compute Lefschetz thimbles and com-
ment on behaviors of downward flows. We advocate
that the downward flow on the pseudocritical orbit T ∗S1
should be calculated at first: The perturbation ∆H
breaks the O(2,C) symmetry of S[ξ], and it induces
slow downward flows. The slow downward flow can be
projected onto T ∗S1, which is shown in Fig. 2. In or-
der to get Fig. 2, the Hamilton mechanics in terms of
θ and pθ is solved under the critical condition pr = 0
and r =
√
(1 +
√
1 + 4p2θ )/2. This step turns out to be
important because Lefschetz thimbles in this system are
two-dimensional cycles with one pseudoflat direction: To
create such integration cycles, downward flows must first
travel slowly along red solid curves on T ∗S1 in Fig. 2 [up
to O(ε)]. After that, flows branch into radial directions,
as will be confirmed below.
The critical condition ∂S/∂ξa = 0 gives
(ξ21 + ξ
2
2 − 1)
(
ξ1
ξ2
)
+
(
ε
0
)
=
(
0
0
)
. (20)
Critical points of this system consist only of three points:
(ξ1, ξ2) = (ε, 0), (±1−ε/2, 0) up to O(ε), and two of them
(±1 − ε/2, 0) correspond to black blobs in Fig. 2 (α =
0.1 in this figure). In the polar coordinate (17), these
solutions are (r, θ) = (ε, 0), (1− ε/2, 0), and (1 + ε/2, pi)
with pr = pθ = 0. Among these critical points, Re(S0 +
ε∆S) takes the smallest value at (r, θ) = (1 + ε/2, pi),
and the largest value at (r, θ) = (ε, 0). Because of the
symmetry-breaking term, the value at (r, θ) = (1−ε/2, 0)
is lifted up from the smallest one roughly by 2ε cosα(=
2ε).
The Hamiltonian H takes 0 and ± sinα at (r, θ) =
(ε, 0), (1 − ε/2, 0), and (1 + ε/2, pi), respectively, up
to O(ε0), and thus flows cannot connect distinct criti-
cal points. At α = 0+, however, these differences are
infinitesimally small: The Lefschetz thimble J(1+ε/2,pi)
around (r, θ) = (1 + ε/2, pi) can pass infinitesimally close
to other critical points.
The set of Hamilton equations (exactly at α = 0) is
dr
dt
= r
(
r2 − p
2
θ
r2
− 1
)
− 3rp2r + ε cos θ, (21a)
dpr
dt
= (1− 3r2)pr + p3r −
prp
2
θ
r2
− εpθ
r2
sin θ, (21b)
dθ
dt
= −2prpθ
r
− ε sin θ
r
, (21c)
dpθ
dt
= ε
(
pr sin θ +
pθ
r
cos θ
)
. (21d)
Flow equations at generic α are given in Appendix A.
One can find a set of special solutions of this Hamil-
tonian system such that pr ≡ 0 and pθ ≡ 0, which in-
deed automatically solves (21b) and (21d). Moreover,
Figs. 1 and 2 imply that these are nothing but the
conditions for a part of J(1+ε/2,pi). Solutions of (21)
are shown in Fig. 3 in the original coordinate system
(σ1, σ2) = r(cos θ, sin θ). Let us consider flows starting
from (r, θ) = (1 + ε/2, pi). Near the critical point, one so-
lution flows along radial direction in the same way as in
the symmetric case, but there is another solution along
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FIG. 3: Behaviors of downward flows (21) in the σ1σ2-plane
when pr = pθ = 0 and α = 0. Black blobs are crit-
ical points of the symmetry-broken system. Red arrowed
curves are typical solutions starting from the global minimum
(r, θ) = (1 + ε/2, pi) with 0 < ε  1 (ε = 0.1 in this figure).
Before branching into the r direction, every flow from the
global minimum moves slowly along the critical orbit r = 1.
θ direction. Indeed, setting r ' 1 in (21c) gives
θ(t) = ±2 tan−1(exp(−εt)). (22)
According to (22), there is a downward flow rotating
along a pseudoflat direction with a time scale 1/ε. For
consistency with (21a), the radial direction should be
fine-tuned so that r(t) ' 1− (ε/2) tanh(εt). After travel-
ing along the critical orbit T ∗S1 in this way, flows branch
into radial directions, as shown in Fig. 3:
Drawing flow lines starting from a critical point is thus
a difficult task, because we must designate the way of
branching after traveling the pseudocritical orbit just by
tuning the initial condition. Since we already know the
approximate flow on the critical orbit in Fig. 2, however,
we can start and revert a flow from a point of branch
in drawing Fig. 3. This procedure does not require fine-
tuning of initial conditions. All we have to confirm is
that the reverted flow is drawn into the critical point.
Next, let us calculate the Lefschetz thimble J(1−ε/2,0)
for (r, θ) = (1 − ε/2, 0). For that purpose, we consider
another set of special solutions of (21) by putting θ = 0
and pr = 0, which gives the red solid line around θ = 0
in Fig. 2 (but at α = 0). This condition solves (21b) and
(21c) automatically. Behaviors of the downward flow in
this plane are shown in Fig. 4, and, as we expected, down-
ward flows go along the hyperbola σ21 − η22 = 1 at first,
which is characterized by pθ: Put r(pθ) =
√
1+
√
1+4p2θ
2 ,
then (21d) gives
2r(pθ(t))− tanh−1(1/r(pθ(t))) = εt. (23)
After this slow motion, they branch into the r direction
in order to span a two-dimensional cycle J(1−ε/2,0). In
drawing red flow lines in Fig. 4, we start and revert the
flow from a point of branch instead of a point near the
2
-2
-1
0
1
0 1 2 3 4
FIG. 4: Behaviors of solutions to the differential equation (21)
in the σ1η2-plane with θ = pr = 0 when α = 0. Red arrowed
curves show typical solutions starting from (r, θ) = (1−ε/2, 0)
with ε = 0.1.
FIG. 5: Schematic figure for global structure of Lefschetz
thimbles J(1+ε/2,pi) and J(1−ε/2,pi) at α = 0+, which are shown
with green and blue surfaces, respectively. In this limit, flows
into pr direction of these thimbles are quite small unless r ' 0,
and we totally neglect that direction. Three black blobs rep-
resent critical points of this system, and arrowed lines show
slow motion with time scale 1/ε along the critical orbit T ∗S1.
critical point. It would be really hard to control global
behaviors of the flow if we compute the flow starting from
a point near the critical point.
Now that we have identified local behaviors of Lef-
schetz thimbles around critical points and properties of
approximate downward flows on the pseudocritical or-
bit, we can comment on global behaviors of Lefschetz
thimbles. This enables us to comment also on the rela-
tion of Lefschetz thimbles in symmetric and nonsymmet-
ric cases. The Lefschetz thimble J(1+ε/2,pi) around the
global minimum goes away to infinities in η2 direction
at θ = 0, 2pi because there is another Lefschetz thimble
J(1−ε/2,0) at θ = 0. See Fig. 5 for its schematic descrip-
tion. In order to recover the symmetric Lefschetz thimble
J sym.r=1 in the limit ε → +0, we must sum J(1+ε/2,pi) and
J(1−ε/2,0) for the cancellation of the η2 direction.
What is the fate of each Lefschetz thimble J(1+ε/2,pi),
J(1−ε/2,0) in the limit ε → +0? Let us observe the be-
6havior of integration on J(1−ε/2,0) in the limit ε→ +0:∫
J(1−ε/2,0)
d2z exp [− (S0 + ε∆S) /~]
∼ −i
∫ ∞
0
λdλ exp
(
− (λ
2 − 1)2
4~
)
×
∫ ∞
−∞
dφ exp
(
−ελ
~
coshφ
)
. (24)
Here, we have set σ1 = λ coshφ and η2 = λ sinhφ. The
integration of λ is convergent, but the integration of φ is
logarithmically divergent in the limit ε/~→ +0:∫
dφ exp
(
−ελ
~
coshφ
)
∼ 2 ln ~
ε
. (25)
This divergent integration is nothing but the integration
along the critical orbit r2− (pθ/r)2 = 1. The exact same
divergence with the opposite sign appears in the integra-
tion over J(1+ε/2,pi), and we must sum them up to con-
struct a convergent integration cycle in the limit ε → 0.
As already mentioned, this is identical with J sym.r=1 in the
homological sense:
J sym.r=1 = J(1+ε/2,pi) + J(1−ε/2,0). (26)
This might be surprising because the number of possi-
ble integration cycles changes under continuous change
of parameters. Physically, this means that the number
of solutions of the Dyson–Schwinger equation in the sym-
metric system is smaller than that of symmetry-broken
systems.
As we mentioned at the last paragraph of Sec. II,
we need to pick up half dimensions of the critical or-
bit T ∗Sn−1 in order to construct the middle-dimensional
integration cycle J sym.r=1 . In the previous section, we
picked them up in a specific way by rotating the Lefschetz
thimble of the reduced system using the original symme-
try O(n). However, we did not explain why we cannot
use imaginary directions of O(n,C). The above analysis
clearly shows the reason we have to give up imaginary di-
rections of the complexified symmetry group: Otherwise,
integration does not converge.
We have stuck to the case α = 0+ in order to draw
Figs. 3 and 4, but our proposal is expected to be useful
for generic α. Since there is no Stokes jump in 0 < α < pi,
Lefschetz thimbles at generic α are continuous deforma-
tions of Fig. 5 (in C2). In order to span such cycles,
flows should still go along T ∗S1 up to O(ε) as shown in
Fig. 2, and branch. The dynamics after the branch can
be solved in a similar way to get Fig. 1: ε∆H is expected
to be negligible since critical conditions are broken at
O(ε0).
B. Symmetry breaking in O(n) sigma models
Let us consider the case with general n. Then, the
original action has O(n) symmetry, and the perturbation
∆H breaks it into O(n− 1) symmetry:
O(n− 1) =
(
1 0
0 O(n− 1)
)
⊂ O(n). (27)
In order to study the effect of ∆H, we need nothing new.
All the computations are reduced into the ones in the
case of O(2) symmetry as follows.
Since the O(n − 1) symmetry is not broken at all, let
us integrate it out. The O(n− 1)-invariant variables are
σ1, σ
′
2 =
√
σ22 + · · ·+ σ2n. (28)
The original O(n) invariance ensures that the unper-
turbed action can only depend on σ21 + σ
′
2
2
. Therefore,
even after O(n−1) symmetry is reduced, there still exists
a continuous O(2) symmetry. Thus, all of the previous
argument for the system with explicit symmetry breaking
holds. After computing downward flows in the reduced
system, we can construct Lefschetz thimbles by rotating
them under O(n− 1).
IV. THEORY WITH FERMIONS
So far, we have assumed that the action S is a poly-
nomial of bosonic fields σa. Let us confirm that above
properties of slow downward flows can also be observed in
the system including fermions. This gives circumstantial
evidence for universality of slow flows along critical or-
bits and of its relation to Lefschetz thimbles. Let ψ1, ψ2
be complex Grassmannian variables, and the interaction
with fermions is introduced as∫
d2ψd2ψ∗ expµ(ψ∗1ψ1 − ψ∗2ψ2)
× exp [(σ1 + iσ2)ψ∗1ψ∗2 + (σ1 − iσ2)ψ2ψ1] . (29)
This interaction looks similar to that of the BCS effec-
tive theory of superfluidity, by regarding σi as effective
fields for Cooper pairs and ψi as elementary fermions. In
this interpretation, the parameter µ corresponds to the
chemical potential for fermion spin, which induces spin
imbalance. The action has the following O(2) symmetry,
δσ1 = −σ2, δσ2 = σ1,
δψa =
i
2ψa, δψ
∗
a = − i2ψ∗a. (30)
The Grassmannian integral gives the effective bosonic ac-
tion,
Seff [σa] = −~ ln(σ21 + σ22 − µ2). (31)
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FIG. 6: Behaviors of the downward flow equation for the
model including fermions (µ = 1.3 and 1.5, respectively, at
α = 0.1, ~ = 1, and pθ = 0). Red solid and green dashed
curves represent Lefschetz thimbles and their homological du-
als of the reduced system, respectively. Blue arrows show
Hamiltonian vector fields.
Although this term has an ambiguity by a multiple of
2pii due to logarithmic singularities, choice of branch does
not affect the path integral because e2pii = 1. This term
produces a complex phase when µ 6= 0, and then it can
cause the sign problem in Monte Carlo integration. One
can also consider QCD-like models as fermionic systems
with similar continuous symmetries, and detailed studies
of them will be reported elsewhere [20].
We consider structures of the Lefschetz thimble for the
theory S0+eff = S0 + Seff . This change adds a new inter-
action term to the Hamiltonian:
Heff = ImSeff [ξa]
= ~ tan−1
2rpr
(p2r + p
2
θ/r
2)− r2 + µ2 . (32)
The new term Heff is not globally well defined in C2 \
{ξ2 = µ2}, because of an ambiguity by a multiple of 2pi~
associated with the choice of branch cuts. However, the
flow equation is still well defined because it only contains
derivatives of Heff , in which the ambiguity disappears.
This observation is important for validity of the Picard–
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√
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FIG. 7: Behaviors of the downward flow equation (35) for µ =
1.3 and 1.5, respectively, at α = 0, ~ = 1, and pr = pθ = 0.
The black dashed circle shows the set of logarithmic singular
points r = µ. We set ε = 0.01 in these figures.
Lefschetz integration methods for fermionic systems (fur-
ther details will be discussed in [20]).
The critical condition for the O(2)-symmetric system
S0+eff is given by
ξa
(
(ξ2 − 1)− 2~e
−iα
ξ2 − µ2
)
= 0, (33)
which can be solved as ξ = 0 or
ξ2 = ξ2± ≡
(µ2 + 1)±√(µ2 − 1)2 + 8~e−iα
2
. (34)
At α = 0+, ξ− becomes purely imaginary and ξ+ is real if
µ2 < 2~, but both ones, ξ±, remain real if µ2 > 2~. This
affects the structure of Lefschetz thimbles and their ho-
mological duals, and the Stokes jumping occurs in cross-
ing µ = µ∗ ≡
√
2~ when α = 0+. Figure 6 shows behav-
iors of Lefschetz thimbles in the rpr plane at pθ = 0 for
µ = 1.3 and µ = 1.5 when α = 0.1 and ~ = 1.
Let us explicitly compute global structures of Lefschetz
thimbles with the symmetry-breaking term ε∆H in the
limit α = 0+. Again, the condition pr = pθ = 0 gives a
8set of special solutions, which is important for our pur-
pose to draw slow downward flows along pseudocritical
orbits. The Hamilton equations for r and θ in this con-
dition are given as
dr
dt
= r(r2 − 1)− 2~r
r2 − µ2 + ε cos θ, (35a)
dθ
dt
= −ε sin θ
r
. (35b)
The second term on the r.h.s. of (35a) is the effect of the
additional interaction Heff , and the terms proportional
to ε are coming from a symmetry-breaking perturbation
ε∆H in (19).
By adding the symmetry-breaking term (19), the num-
ber of (semistable) critical points becomes five (ξ =
(0, 0), (±ξ+, 0), (±ξ−, 0) up to O(ε0)). If ε is assumed
to be sufficiently small, only three of them, (0, 0) and
(±ξ+, 0), can contribute to the original path integral
when µ <
√
2~, and all the five critical points do when
µ >
√
2~. Figures 7 (a) and (b) show typical behaviors
of the downward flow (35) at pr = pθ = 0 for µ <
√
2~
and for µ >
√
2~, respectively, at α = 0+. We can again
observe that downward flows travel slowly along critical
orbits and branch into radial directions in order to span
two-dimensional integration cycles.
Figure 7 corresponds to Fig. 3 in the bosonic example,
and behaviors of the slow motion along critical orbits
turn out to be the same. Therefore, all of the previous
arguments in the bosonic example can also be applied to
this fermionic system, and we can readily obtain global
structures of Lefschetz thimbles in the same manner.
V. SUMMARY
The Picard–Lefschetz integration method with con-
tinuous symmetries is studied in detail through zero-
dimensional O(n) sigma models. We solve downward
flow equations with small symmetry-breaking terms, and
global structures of Lefschetz thimbles are identified.
Moreover, we propose an efficient way to compute Lef-
schetz thimbles with approximate symmetry by extract-
ing a general feature of downward flows in this model
study.
The explicit breaking term solves degeneracies of crit-
ical orbits, and thus the usual formulation of Lefschetz-
thimble path integral becomes valid, in principle. How-
ever, approximate symmetries obstruct naive computa-
tion of downward flows: Downward flows first travel
slowly along a pseudocritical orbit, and then branch into
other directions. Tuning of the initial condition, which
is a necessary step in order to draw a set of flow lines
for Lefschetz thimbles, is thus very difficult. To circum-
vent this problem, we propose that downward flows on
the pseudocritical orbit be solved at first. By starting
and reverting a flow from a point in the vicinity of that
downward flow, we can easily compute a downward flow
branching at that point: This does not require severe
tuning of initial conditions of the flow equation.
We believe that the property of downward flows ob-
served in this model study is universal for flow equations
with approximate symmetries. Once the critical con-
ditions are broken at zeroth order, small perturbations
become negligible and flows along symmetric direction
cannot occur. Therefore, slow downward flows along the
pseudocritical orbit are an important ingredient for cre-
ating middle-dimensional cycles. As a nontrivial check
of this argument, a fermionic system with approximate
O(2) symmetry is studied by using the same method, and
slow motion along critical orbits can be observed in the
exact same manner.
We also prove that only special combinations can sur-
vive as convergent integration cycles in the limit of sym-
metry restoration, and that these cycles correctly pro-
vide Lefschetz thimbles with the symmetry discussed in
Ref. [2]. This drastic change of possible integration cycles
happens because integration along imaginary directions
of critical orbits diverges as symmetry restores. We can
now have a good understanding for the relation of Lef-
schetz thimbles with and without symmetry.
It is still nontrivial how these properties play a role in
the symmetry-breaking phenomenon. Thus, it is an in-
teresting and important future study to describe sponta-
neous symmetry breaking of statistical physics from the
viewpoint of the Picard–Lefschetz integration method.
For that purpose, it would be important to scrutinize
behaviors of Lefschetz thimbles in the thermodynamic
limit.
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9Appendix A: Flow equations at generic α
In this appendix, we give a complete expression of the
downward flow equation (21) for generic α.
dr
dt
= cosα
{
r
(
r2 − p
2
θ
r2
− 1
)
− 3rp2r + ε cos θ
}
+ sinα pr
(
1− 3r2 + p2r +
p2θ
r2
)
, (A1a)
dpr
dt
= cosα
{
pr
(
1− 3r2 + p2r −
p2θ
r2
)
− εpθ
r
sin θ
}
− sinα
{
r4 + p2θ
r3
(
r2 − p2r −
p2θ
r2
− 1
)
− 2rp2r + ε cos θ
}
,
(A1b)
dθ
dt
= − cosαε sin θ + 2prpθ
r
− sinαpθ
r2
(
r2 − p2r −
p2θ
r2
− 1
)
, (A1c)
dpθ
dt
= ε cosα
(
pr sin θ +
pθ
r
cos θ
)
+ ε sinα r sin θ.
(A1d)
Since we have set α = 0+, terms proportional to sinα do
not have any role for the most part of downward flows.
Only when the flow emanating from one critical point
comes into the vicinity of another critical point, does
that term designate the way of the flow to circumvent
the another critical point.
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